In the dual model, the surplus of a company is a Lévy process with sample paths that are skip-free downwards. In this paper, the aggregate gains process is the sum of a shifted compound Poisson process and an independent Wiener process. By means of Laplace transforms, it is shown how the expectation of the discounted dividends until ruin can be calculated, if a barrier strategy is applied, and how the optimal dividend barrier can be determined. Conditions for optimality are discussed and several numerical illustrations are given. Furthermore, a family of models is analysed where the individual gain amount distribution is rescaled and compensated by a change of the Poisson parameter.
INTRODUCTION
How much of the surplus should a stock company distribute to its shareholders? A possible goal is to maximize the expectation of the discounted dividends before ruin of the company; a survey of the related literature can be found in Avanzi (2008) . The question was first addressed by de Finetti (1957) . In a model where the periodic gains of a company take on only the values -1 and + 1, he showed that the optimal dividend strategy is a barrier strategy. In the classical model of risk theory, the surplus of a company at time t (before dividends are introduced) is u + ct -S(t), t $ 0.
(1.1) Avanzi et al (2007) consider the dual model. Now the surplus of the company at time t (before the introduction of dividends) is u -ct + S(t), t $ 0.
(1.2)
Here u is again the initial surplus, but c is the constant rate at which expenses occur and S(t) represents the aggregate gains. Both (1.1) and (1.2) define collective models. The classical model (1.1) is appropriate when the occurence of certain events results in a loss and the nonoccurence results in a gain. The dual model (1.2) seems appropriate when the occurence of certain events results in a gain and the non-occurence results in a loss. This is the case for a portfolio of life annuities, where the risk consists of survival and the event death leads to gains. Furthermore, the dual model seems appropriate for a company that specializes in inventions and discoveries.
In this paper we examine the dual model that is perturbed by diffusion. The surplus at time t is now u -ct + S(t) + sW(t), t $ 0, (1.3)
where {S(t)} is a compound Poisson process, with Poisson parameter l and probability density function p( y), y $ 0, of the individual gains and {W(t)} is a standard Wiener process that is independent of {S(t)}. The diffusion term adds uncertainty to the expenses an brings the model a step closer to reality. We shall assume that
that is, that the expected gain per unit time is positive. In the following, it will be denoted by the symbol m. In the dual model, the optimal dividend strategy is a barrier strategy. This follows essentially from a result found by Miyasawa (1962) . He generalized the de Finetti model and assumed that the periodic gains of a company have the values -1, 0, +1, +2, +3, …. For this model he showed that the optimal dividend strategy is a barrier strategy. The continuous counterpart of this is a model where the surplus (before dividends) is a Lévy process with sample paths that are skip-free downwards. From Miyasawa's result it follows by analogy that the optimal dividend strategy in the dual model is also a barrier strategy. A direct proof that the optimal strategy is a barrier strategy is of some interest but has not been given to our knowledge; the proof in Bayraktar and Egami (2008) is for exponential gains only.
The paper is organized as follows. In Section 2, for a given barrier b, we consider V(u; b), the expected discounted value of the dividends until ruin, a function of the initial surplus u. It is shown that V(u; b) can be characterized as the solution of a second order integro-differential equation in conjunction with two boundary conditions. In Section 3, we consider the special case where the gains distribution is a mixture or a combination of exponential distributions. Then the integro-differential equation leads to a differential equation , and V(u; b) can be obtained in a transparent way. Section 4 explains the more general method of Laplace transforms. This method is somewhat indirect: given the value of V(b; b), the underlying value of b is determined as a zero of a certain function. In Section 5, the optimal dividend barrier b * is introduced. It is shown that V(b * ; b * ) = m/ d. This result is crucial for the determination of b * and V(u * ; b * ) by the method of Laplace transforms. Furthermore, b * can be obtained as a zero of a certain determinant. In Section 6, a family of models is considered. The distribution of an individual gain is rescaled and the Poisson parameter is adjusted such that the expected gain per unit time is unchanged.
THE VALUE OF A BARRIER STRATEGY
Suppose that the dividends are paid according to a barrier strategy, say with parameter b. Whenever the surplus exceeds (or is about to exceed) the level b, the excess is paid out immediately as a dividend. Let D(t) denote the aggregate dividends by time t. Then
and the (modified) surplus at time t is
Note that there are two kinds of dividends, single dividend payments when the surplus jumps beyond b, and a series of "small" payments due to the oscillating nature of the sample path when the surplus is at b. This is illustrated in Figure 1 . (u; b) is determined by the integro-differential equation ; .
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Noting that we expand e -(l + d)dt , substract V(u; b) on either side of (2.7), divide by dt and let dt " 0. This yields the equation
From this and (2.3) we obtain the integro-differential equation (2.4). Condition (2.5) is obvious: if u = 0, ruin is immediate, and no dividends can be paid. To understand condition (2.6), compare two situations, u = b and u = b -du. In the second case, the surplus will reach the barrier after an instant (because of oscillation) and from thereon, the two sample paths will be the same. At this time, a dividend of du will have been paid in the first case. It follows that
which explains (2.6).
Remark 2.1. From (2.4) with u = b and (2.6) we obtain the result that
where m is given by (1.4). 
MIXTURES OF EXPONENTIAL GAINS DISTRIBUTIONS
Suppose that
where b 1 < b 2 < … < b n , A i > 0, and A 1 + … + A n = 1. We show how V(u; b) can be computed, and some light will be shed on the limit s " 0, that is, how V(u; b) is obtained as a limit when model (1.3) is replaced by model (1.2).
To obtain V(u; b), we generalize the calculations in Avanzi et al (2007, Section 4) , which is why details are omitted. In (2.4), we replace the integration variable y by x = u + y and apply the operator 
Upon substitution in (2.4) we see that r 0 , r 1 , …, r n + 1 are the solutions of the equation
which is equivalent to a polynomial equation of degree n + 2. One can show that
Finally, from conditions (2.5) and (2.6) we gather that , 0
Equations (3.5)-(3.7) constitute a system of n + 2 linear equations to determine C 0 , C 1 , … , C n + 1 .
Illustration 3.1. For Table 1 , it is assumed that b = 10, p(y) = e -y , l = 1, c = 0.75 and d = 0.005. The coefficients r 0 , r 1 , r 2 are the solutions of (3.3), and C 0 , C 1 , C 2 are the solutions of (3.5)-(3.7). In these examples, C 2 is close to 0, which explains why C 0 = -C 1 -C 2 is close to -C 1 . The table exhibits V(8; 10) and V(u;10) with its three components. We note that V(8;10) is a decreasing function of s. For the last line (s = 0), the formulas (4.7), (4.10) and (4.11) in Avanzi et al (2007) are applied.
Of course V(u;10) for s = 0 must be the limit of V(u;10) if s " 0. Table 1 illustrates the mechanism of this limit. For s " 0, r 0 , r 1 , C 0 and C 1 converge to the corresponding values in the model without diffusion (last line). In contrast, C 2 tends to 0 and r 2 to 3 such that the third component of V(u;10), C 2 e r 2 u , tends to 0.
THE METHOD OF LAPLACE TRANSFORMS
The method to calculate V(u; b) presented in the preceding section is limited to mixtures or (with some adjustments) combinations of exponential gains distributions. In this section we develop a more general method.
To convert the first integral in (2.4) into a convolution integral, we replace the variable u by z = b -u, the distance between the dividend barrier and the surplus. The function W(z; b) is defined as 
This leads us to the following indirect method of calculating V(u; b). For given w(0) = V(b; b) we invert w(z) to obtain w(z).
Then according to (4.2), b is the value of z for which w(z) = 0, and 
V(b; b). (4.7)
A closed form expression for m is available. Consider the denominator in (4.5). It is negative for z = 0, tends to infinity for z " 3, and its second derivative is positive for z > 0. It follows that the denominator in (4.5) has a unique positive zero, which is denoted by r. Thus
The function w(z) has a pole at z = r unless the numerator in (4.5) vanishes at z = r. Now consider the case w(0) = m. Then w(z) must not have a pole, and we conclude that the numerator in (4.5) vanishes at z = r, which leads to For s= 0, an equivalent result was found by Pafumi (1998) ; see also Avanzi et al (2007) . We choose w(0) = 100. This value is admissible, because 100 < 250 = d m < m by (4.10). Table 2 which is a rational function of z. Here n is determined by the requirement that the variance of the approximating distribution is 1/ 7.3, the variance of the original distribution. This is the requirement that 7n 2 + (1 -7n) 2 = . 7 3 1 . (4.12)
Hence, n = 1/7.172. This method is based on interpolation between successive Erlang distributions; see Avanzi et al (2007) .
THE OPTIMAL DIVIDEND BARRIER
We denote by b * the optimal value of b, that is the value of b which maximizes V(u; b) for given value of u. Thus
We shall show how b * and V(u, b * ) can be calculated. If we differentiate the identity (2.6), we obtain another identity:
For b = b * , the second term vanishes because of (5.1). It follows that
The interpretation is as follows. From (2.6) and (2. For the pure diffusion model, such a result has been obtained by Gerber (1972) . For model (1.2) it has been found by Avanzi et al (2007) . Formula (5.4) is crucial for implementing the method of Laplace transforms described in Section 4. Formula ( Illustration 5.1. We continue the numerical examples of Section 4. To obtain the optimal dividend barrier b * , it suffices to set w(0) = m/d = 250. Then b * is the zero of w(z). Table 3 shows the optimal dividend barrier b * , and Table 4 shows V(2; b * ), the maximal expected value of the discounted dividends, if the initial surplus is 2.
Remark 5.1. In Section 3 it was assumed that the gains distribution is a mixture of exponential distributions. In this case, the optimal dividend barrier b * can be obtained more directly as a solution of an implicit equation. From (5.1) and (3.2) it follows that
Now we differentiate (3.5) and (3.7) with respect to b, set b = b * and use (5.6) to see that 
RESCALING WITH COMPENSATION
In this section we consider a family of models. The distribution of an individual gain is rescaled, and the Poisson parameter is adjusted such that the expected gain per unit time is unchanged. 
